Abstract-
Analysis of Edge Slots in Rectangular
Abstract-A novel analysis to compute the admittance characteristics of edge slots with salient feature in successfully considering the finite waveguide wall thickness is presented. The variational equation for the electric field in the slot region between the inner and outer waveguide walls is derived by applying the variational reaction theory and solved by the finiteelement method. Division of the slot region into small elements of triangular cylinders and the basis function for each element are described in detail. In the limiting case of zero wall thickness, this finite-element analysis is reduced to a moment-method analysis using Galerkin's approach with triangular basis functions. The effects of waveguide wall thickness on the characteristics of the slot are investigated by comparing the numerical results with and without considering the wall thickness. Negligence of the wall thickness may result in a severe underestimation of the resonant length by as large as 14% for edge slots cut in typical X-band waveguides. The computed results with the finite wall thickness taken into account have been checked with the measured data published in previous literature and those obtained by a carefully devised experimental setup. Good agreement between theoretical and experimental results is obtained to demonstrate the validity of the present analysis.
I. INTRODUCTION
NCLINED slots in the narrow wall of the rectangular waveguide, or the so-called edge slots, have been widely used in radar and communication systems. These slots are cut in the narrow wall and should penetrate into the top and bottom broad walls of the rectangular waveguide to produce resonance [l] . The analysis for the admittance properties of isolated edge slots thus becomes quite complicated due to the presence of the external waveguide corners and the finite waveguide wall thickness. As a result, the theoretical design for these slots is still in poor shape up to the present time.
Previous studies of edge slots included the classical work by Stevenson [2] , in which the environment extemal to the waveguide was simplified by neglecting the parts of slot in the broad walls. Das et al. [3] took into account the parts of slot in the broad walls and derived an expression for the slot admittance. They used the plane wave spectrum in calculating the external power but omitted the energy stored in evanescent modes in the waveguide around the slot. Later, by applying the Manuscript received November 14, 1994; revised November 13, 1995 variational formula by Oliner [4] , Hsu and Chen [5] presented a new expression which included the internal reactive energy in addition to the external power. All these studies had assumed that the slot was jn a common ground plane and had not considered the warp-around structure external to the waveguide nor the finite waveguide wall thickness. These assumptions had led to large errors in calculating the slot resonant length. Recently, a more complicated moment method analysis for edge slots is developed by using the 90" wedge Green's function for the external field to properly account for the effects of waveguide comers [6] . The calculated resonant length is found to be only -2.3% deviated from the measured data for slots cut in standard S-band waveguides. This deviation is mainly due to the negligence of the waveguide wall thickness which may become more severe for slcits cut in higher frequency-band waveguides due to a larger ratio of waveguide wall thickness to operating wavelength. Thus, making the analysis unable to be applied directly to the characterization of edge slots in X or even higher frequency bamd.
Therefore, the primary motivation of this study is to take into account the finite waveguide wall thickness in the calculation of the admittance ad the edge slot. The usual ways in considering the finite waweguide wall thickness for longitudinal slots, such as Green's function technique [7] and transmission line concept [8] , are not suitable for edge slots which are three-dimensional near the waveguide corners. For this reason, a more flexible fiinite-element analysis is proposed. The analysis begins with a variational equation derived from the variational reaction theory [9] and uses the same internal and extemal Green's functions as those used in [6] for the fields inside and outside the waveguide, respectively. Then, the finite-element method is; employed to solve the electric field in the slot region. Subs'equently, the slot admittance and resonant length can be determined. In the limiting case of zero wall thickness, the analysis is reduced to a moment-method analysis similar to that in [6] ., but with the basis and weighting functions replaced by triangular functions.
Computed results with and without considering the waveguide wall thickness are presented to investigate the effects of the wall thickness. Also, the measured data are called for comparison to confirm the validity of the present analysis.
VARIATIONAL R.EACTION FORMULATION
The geometry is shown in Fig. 1 
where E is the trial electric field and 7 is the trial source supporting the trial field with the relation
(2) Substituting ( 2 ) into (l), and employing vector identities, the reaction form becomes
where ?i,i and fi, are the unit vectors outward normal to slot surfaces Si and Se, respectively. 0 Then, using E formulation, the magnetic field H in (3) should be expressed in terms of the trial electric field. Inside the region R (4) 1
by the Maxwell's equation. On the surfaces S, and Se
by employing the proper Green's function described in [6] . Here, H is the magnetic field of the incident TElo mode and the surface integration in (5) is taken over the source region R'.
Substituting (4) and (5) into (3), we have the following desired variation equation
It is not difficult to show that the equation is stationary at the exact electric field.
FINITEELEMENT ANALYSIS

A. Fields Interior to a Wrap-Around Slot with Thick Sides
The region R (Fig. 2) has six surfaces on its boundary. In addition to the inner and outer slot surfaces, there are metal surfaces bounded by S, and Se. Since the slot is cut inclinedly into the broad wall, the metal surfaces, except those at the slot ends, are not 3 directed but are with an inclination angle of 8.
Thus, we assume that in the case of narrow slot the electric field E in the solution region SZ is constant across the slot width and w directed with
where 6 = Bcos8 -Gsin8. Substituting (7) 
unknown $(R)
Substituting (9) into (8), and noting that w . V B ; = 0 in R, (9) becomes can be written as Here, 4jext)'s and 4jint)'s are the nodal unknowns on the outer where the vector [4] includes only the nodal unknowns on the and inner slot surfaces Se and S,, respectively. The coefficients slot surface, i.e., k;(:""),k;:'"t), and htnC are given by
A moment-method analysis has already been presented to deal with the narrow-wall inclined slots with zero wall thickness [6] . The resultant (15) obtained by the present analysis actually uses the same integral equation but employs the Galerkin's approach with triangular function h j ( u ) as the basis. The resultant reflection coefficient and slot admittance can be shown to be stationary. Hence, the solution should be more conceivable than the previous one in [6] which is based on the pulse basis and point matching. 
One of the crucial parameters for isolated slots is the resonant length. It is noted that the lengths along inner and outer surfaces in edge slots are quite different, especially for slots cut in higher frequency waveguides. In the following line of the slot region R shown in Fig. 3 , i.e.,
elsewhere in which uj is the local coordinate along the slot of the jth numerical results, the slot length L is defined along the center node at the boundary surface. 
Assembling the terms from all the elements, (8) is discretized into a matrix form L = ( b + t ) / c o s Q + 2 ( A -t / 2 ) .
C. Zero Wall-Thickness Case
In the limiting case that the waveguide wall thickness is negligible, the terms M$) and A?::) in (13) tend to zero. The boundary surfaces S, and S, coincide with each other and as a result q5!ext) = 4:lnt) = da. The matrix equation in (I 3 ) can be reduced to The element number 2N in each layer and the number of layers n should be properly chosen to obtain accurate and efficient solutions. Due to the stationary nature in the present analysis, the required number N to achieve satisfactory convergence is much smaller than that used in [6] . Consequently, N is chosen to be about 16 per half wavelength in the following numerical analysis. As for the number of layers n, consider a slot cut in a standard X-band waveguide and operated at 9.375 GHz. The slot inclination 0 = 15", slot width U) = 0.0625 in, and wall thickness t = 0.05 in. Fig. 5 plots the normalized slot admittance Y/Go = g+jb versus the slot length by changing the depth of cut A in the broad wall.
While the curves for n = 2 and n = 3 are indistinguishable in the figure, the difference between curves for n = 1 and r i = 2 is quite small, only 0.2% in resonant lengths. Hence, in the following numerical computations, we choose n = 2 for slots cut in X-band waveguides and n = 1 for slots cut in S-band waveguides, which is tested to be enough for convergence.
For the sake of comparison, the results computed by assuming zero thickness (t = 0) are also plotted in Fig. 5 .
Apparently, due to the presence of the finite wall thickness, the variations of both conductance and susceptance versus slot length become a little sharper. The resonant length is substantially larger and the magnitude of resonant conductance is smaller. From the susceptance curves, the waveguide wall thickness is found to cause deviation of 8.1% in resonant lengths, which is quite large for this kind of narrow band slots. This signifies the requisition to consider the finite waveguide wall thickness in the analysis of edge slots operating in X or higher frequency band. For the same slot as in Fig. 5 , but with resonant depth of cut, i.e., A = 0.14 in for finite wall thickness case and A = 0.115 in for zero thickness case, the field distributions on inner, center, and outer slot surfaces are depicted in Fig. 6 . Electric fields on inner, center, and outer slot surfaces for resonant
The two corners of the waveguide are marked by B and C.
Although the slot has considerable different depth of cut to achieve resonance if the finite wall thickness is taken into account, the field distribution does not deviate much from that in the zero wall thickness case. The electric field is found to be smooth except near the comers of the waveguide, where the assumption of w-directed electric field may be slightly invalid. The phase is almost a constant nearly 90" on inner slot surface and decreases gradually from the inner surface to the outer surface due to the propagation delay along the wall thickness. This equiphased and approximately sinusoidal distribution supports the assumption of equivalent shunt circuits for edge slots at resonance. As for slots off resonance, the phase of the aperture electric field is distorted and tilted. One may check the forward-scattered and backward scattered TElo mode amplitudes due to the slot by reciprocity [11] . Results show that the shunt circuit equivalence is still valid for slots not far from resonance. 0.575Xo in the case of thickness t = 0.05 in. The discrepancy in calculated resonant length due to the negligence of the finite wall thickness is larger for more inclined slots. The maximum discrepancy as read from this figure is as large as 14%. The resonant conductance for finite wall thickness is found to be smaller than that for zero wall thickness by a factor which is nearly a constant of 13% as the slot inclination varies.
To verify the accuracy of the present analysis, the theoretical results are compared with two previously published experimental data, one is in S-band and the other in X-band. Fig. 8 shows the normalized conductance and susceptance for edge slots of various depths of cut A but fixed 8 = 15" in WR284 waveguides and operated at 2.8 GHz. The calculated results are compared with the experimental data obtained by Watson [l] and reprinted in [6] . It is seen that the experimental data, especially the resonant length, agree very well with the calculated results taking into account the finite waveguide wall thickness. The effect of waveguide wall thickness leads to e~ f, ( about +4.3% correction in calculated resonant length which is much lower than that in IFig. 5, since the operating frequency is much lower such that the ratio of waveguide wall thickness to wavelength is smaller. Fig. 9 shows the normalized conductance for edge slots of various inclination angles 6' but fixed A = 3.5 mm in WR-90 waveguides and operated at 9.375 GHz. The calculated results with considering the waveguide wall thickness are compared with the measured data obtained by Das et al. [3] . The agreement is good, in general, except in cases of large inclination angles. Nonetheless, they exhibit a proper falling off behavior that experimental data do at large inclination angles which is mainly due to the influence of internal stored power as mentioned in [5] .
As a further check, three edge slots having different inclination angles of 0 = 20", 25O, and 30" are manufactured and measured. They are cut into the broad wall by A = 3.04, 2.87, and 2.60 mm, respectively, to achieve resonance near 10 GHz. Table I lists the computed and measured resonant frequencies and resonant conductances for these three slots. The agreement is excellent except in the case of 0 = 20°, for which the comparison is less reliable since the reflection coefficient is only about -30 dB and consequently, the measured data are susceptible to the errors iin experimental setup and calibration. However, even for the worst case, the deviation is much lower than that if not consideiring the waveguide wall thickness, which may be as large as 10% or more. Fig. 10 plots the normalized admittance versus frequency for the above slot with 6' == 30". The theoretical results remarkably follow the measurement except a small shift of about 0.05
GHz in the susceptance curve. Not only the resonant length and resonant conductance but also the admittances for offresonant slots are in good agreement with the experimental results. Apparently, the example offers a strong evidence in validating the present anlalysis which properly accounts for the finite wall thickness effect. 
V. CONCLUSION
An analysis has been presented to handle edge slots with finite waveguide wall thickness. The variational reaction theory is utilized to derive a variational equation and the finiteelement method is employed to discretize this equation into a matrix form. In the limiting case of zero wall thickness, the analysis is reduced to a moment-method analysis using Galerkin's approach with triangular basis functions. The present analysis is unique in successfully analyzing the effects of waveguide wall thickness on the characteristics of edge slots for the first time.
By the present approach, the field distribution is found to be approximately equiphased and sinusoidal around resonance with phase decreasing gradually from the inner slot surface to the outer surface. The slot admittance can be obtained from the calculated electric field. If the waveguide wall thickness is taken into account, the resonant conductance of the slot is decreased, and especially, the resonant length is lengthened by an amount larger than 7% for sloth cut in standard X-band waveguides. This clearly justifies the necessity to include the waveguide wall thickness effect in the analysis of edge slots for which the bandwidth is not broad enough. As the operating frequency becomes even higher, the ratio of wall thickness to the wavelength will be larger and the wall thickness effect on resonant length will be more significant.
With the waveguide wall thickness taken into consideration, the theoretical results are compared with the measured data in available literature. The computed resonant length is in satisfactory agreement with the measured data but the resonant conductance is slightly smaller. Experiments are also performed and the measured data remarkably agree with the theoretical results, including resonant frequency, resonant conductance, and even the admittances for off-resonant slots. The deviation in resonant frequency is found to be smaller than 1%. This further demonstrates the validity of the present analysis.
